Primer on Inventory Management

Solutions

Periodic Review Model

Solution to Exercise 1:

Period

1 2 3 4 5 6
1. Determine inventory level Iy 17 11 7 -2 -9 -13
2. Determine open orders Oy 0 0 6 10 19 20
3. Compute inventory position [P, 17 11 13 8 10 7
4. Compute order quantity x; 0 6 4 9 7 10
5. Receive shipment x;_ ;71 0
6. Fill demand y; 7 10

Solution to Exercise 2:

i. An order x4 that is placed in period 16 arrives at the end of period 24. Therefore, it does
not affect the inventory level (and thus the inventory holding or backorder penalty cost) of
any periods prior to period 24. Next, we will argue, why x1¢ has now effect on the cost in
any periods later than period 24. In the next review period, i.e. period 17, we issue a new
order x17, which is going to arrive at the end of period 25. Since we follow an order-up-to
policy, we issue an order that is equal to the difference between S and the inventory position
in period 17, i.e. z17 = S —1P;7. However, recall that I P;7 = I Pig+x16 —y16. Now observe,
that if we choose a large order, say /g, the inventory position in period 17 will be higher

and the difference between S and IP;; will be small. If we choose a smaller order, say



ii.

iii.

xg, then inventory position in period 17 will be correspondingly smaller by the difference
between x4 — x}s and the difference between S and IP;7, and thus z17, will be larger by
the same amount. So to say, the order in period 17 compensates for any decision in period
16. Since x17 arrives at the end of period 25, any decision in period 16 has no effect on the

cost in periods 25 and later. The only period whose cost are affected by x1¢ is period 24.

The optimal order-up-to-level S* in a periodic review inventory system is the same for all

periods. We use the standart approach, i.e.

2
§* = F1 (f:h) =F1 <2+0 5> = F1(0.8) =10-(8+1)+0.84- /8 + 1-4 = 100.08.
p .

The order in period 16 affects the inventory level and thus the cost in period 24. It holds
that
Ipg = IPig + 216 — Y1 (9)

If we could order as usual, we would set I Pig + x16 = S and compute the expected overage
and underage at the end of period 24 just as E [S — Y9]+ and F [Yg — S]+. But, in this

situation we cannot order x14 = S — I P1g. Therefore, we first note that
IPg = I1Pi5+ 215 — Y15 (10)
=S5 -y, (11)
since we can order optimally in period 15.
Insertion of (11) in (9) yields
Iy =5 —yi5+a16— Y’ (12)
=S+ 116 — Yo, (13)

The expected underage quantity at the end of period 24 is

El[ly =E[Y" -5 )" (14)
— / (y— (S + 216)) fro (4) dy (15)
y=S+x16
— oy L <5+$16—N10> (16)
J10
For x4 = 10:
_ 100.2 +10 — 10 - 10

EllLy]” =v10-4-L 17
o] () 7
= 12.65 - L (0.81) (18)

— 12.65-0.1181 (19)

— 1.49 (20)



For x4 = 100:

) 100.2 + 100 — 10 - 10
E L] Z\/10-4~L( +

V10 - 4
=12.65- L(7.921)

~ 12.65-0.00
= 0.00

The expected overage quantity at the end of period 24 is

Elu]" = E[S+ 25— Y]"
S+z16

—‘j/ (S + 216 — y) fi0 () dy
y=—00

:/Oo (S+x16—y)f10(y)dy—/ (S +z16 — y) fro (y) dy
y

=—0

y=S+x16

o0 o0

= (S + z16) /_ flo(y)dy—/_ y - fio (y) dy

T / T (- (St me) fuo(v)dy

=S+z16
:S+x16—N10+U1O-L<S+xm_MO> .
010
For x4 = 10:
E [Io4]" = 100.2 4+ 10 — 100 + 1.49
= 11.69
For x4 = 100:

E [Io4]" = 100.2 4+ 100 — 100 4 0
= 100.2

The expected cost for 16 = 10 are:

Z(r16=10)=h-E[S+ax16 - Y] +p-E[Y? ~ 5 — 6]

=0.5-11.69+2-1.49
= 8.825

The expected cost for x1¢ = 100 are:
Z(x16=10)=0.5-100.24+2-0
=50.1

Therefore, we should chose to order 10 units in period 16.

)



iv. On average, the order quantity in a period is ¢ = 10. Under an optimal S* = 100.2 the

expected cost is

Z(s") = (h+p)- fnoy () orri (40)
= (2+0.5) - fa(o.1) (0.84) - V9 - 4 (41)
—2.5.0.280 - 12 (42)
— 8.40. (43)

Ordering 10 units in period 16 results in expected extra cost in perod 24 of 8.825 — 8.40 =
0.425.



